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- REMINDER 1: Manipu
Kinematic Chain
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~ REMINDER ZM

Analysis

Attach frame i <oxyz:> to link i.
e Coordinates of points in link i in frame i are constant

Find the transformation from each frame to the next
e Origin of frame i in frame i-1

° Aj =Tjj_1 e A (qj)

J
Find the end effector origin in the base frame
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~ REMINDER 3M

Parameters

Constants by design
e Link twist a,
e Link length g

Joint parameters
e Link Offset (variable in prismatic)
e Joint Angle ' (variable in revolute)

5

All frame transformations are functions in these four
parameters



INDER 4: Cylindrica

Manipulator with Spherical Wrist
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a,: distance (z,, z, ) along X,
o :angle (z,, z, ) about x.
d.: distance (x. , , x.) along z
6.: angle (x., , x.) about z



General Inverse Kinematics Problem

Given
o
H = 0 1| € SE(3)
Find g d . .4
so that T?S (q1,--.,qn) = H



How to solve it?

* 12 equations in n variables

Tij(qs. .. @n) = hyj,  i=1,2,3, j=1,....4

* Why 127!



Example (Stanford Arm)
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c1lealescsce — s486) — sa8506] — S1(8405¢6 + €456)
silcalesesce — S486) — 828506] + c1(s465¢6 + €486)
—s2(eqc506 — 8486) — €285C6
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c1(cocyss + sacs) — 5185485
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cads + dg(cacs — €48985)
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Why Closed Form Solution

Fast to compute (after we discover it)

Finding all solutions

We find the mathematical solution then apply
engineering limitations.



How to find a closed form solution

Kinematic Decoupling

e Inverse Position Kinematics

 Find the parameters controlling the position

e Inverse Orientation Kinematics

 Find the parameters controlling the orientation

This limits possible arm designs



Most common case
* Six joints
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Rg[ql,,..zq.gj = R



Position of Rest Center

* The end effector is just a translation away from o_

<3,
5

Link | a; | a: | di | 6 e K
4 0 —90 0 QZ 5 \4 m'fo gripper
5 ol o |o|e:
6 |o| 0 |ds|e;
0 ; 0
o = GE +dgH | 0 0 = o—dgR | 0
1 1
T 0y — dgT13

Ye = 0y — dgraa
Ze 0, — dgT33 \

This gives the first three parameters



/X/

Orientation From Wrist to Gripper

ds RE

R = (R3)'R=(R3)'R

-~

This gives the last three parameters



“General Inverse Kinematic
Approach (as we use it)

Using desired rotation and displacement of end
effector:

e Find the location of the wrist center
Using location of wrist center
e Find first three parameters (geometrical approach)
e This is the solution of the inverse position problem
Using the desired rotation and
e Find last three parameters (Eular Angles)

e This is the solution of the inverse orientation problem



Position of Rest Center

* The end effector is just a translation away from o_

<3,
5

Link | a; | a: | di | 6 e K
4 0 —90 0 QZ 5 \4 m'fo gripper
5 ol o |o|e:
6 |o| 0 |ds|e;
0 ; 0
o = GE +dgH | 0 0 = o—dgR | 0
1 1
T 0y — dgT13

Ye = 0y — dgraa
Ze 0, — dgT33 \

This gives the first three parameters



~General Inverse Kinematic

Approach (as we use it)

0l . | dico] -
effector:

bl n .
Using location of wrist center

e Find first three parameters (geometrical approach)

e This is the solution of the inverse position problem
Using the desired rotation and loc. of wrist center

e Find last three parameters (Eular Angles)

e This is the solution of the inverse orientation problem



Inverse Position (Geometric)

Given og
o Bind  q.q.q

Steps to find q; :
1. Project the manipulator onto x._-y.  plane
>.  Solve a simple trigonometry problem

Why geometric approach?
e Simple
e Applies to MOST manipulators



Inverse Position Example 1
* Elbow Manipulator (e.g. PUMA)
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/X/

Inverse Position — Elbow Cont.

° q, Singular Position

1. Projection onto x,-y,

K[’Y Yo \

= I Ze
\‘x“‘ s yﬂ -

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

2. Solve for ©,
6, =arctan 2(X;, Yy, )

or

91:7z+arctan2(xc,yc)



Inverse Position — Elbow Cont.
Avoiding Singularity in q,

1. Projection onto x -y, o

Yo

Ye / :

_,:'3 / a e - .
|'F 91//‘ f’/\\lﬁ é\
‘«. N ' ;c o h_
Y e
J/

| f// L l_.|_
'\f/ .II'C rn \_'A_/
2. Solve for O, 0 =a+p d |
elzw—a t 2( ) ]
a =arctan 2( x., Y, {—g
a:arctanZ(x/rz—dz,d) . N

¢:arctan2(\/x2+y2—d2,d) y:arctanZ(\/m’d)



Inverse Position — Elbow% Cont.

% . e
. qZ’qB \\\\j E{Z‘Q}){T&i_.
S 3
RS R : S Yo
,_,/? o d
1. Projection onto linl<2—linl<3 plan 2. Solve for ©,
22 2 2 2
A 20 cosby = r<+s a5 — aj
2&2{13
_ :c%—l—yg—dz—l—{zf—dl}z—a%—a%‘:D
- 2&2(13 ’
= atan2 (D= +v1— D‘E)
B, = atan2(r, s) — atan2(ay + ages, a383)

= atan?2 (\/Ig +y2 —d?,z. — dl) — atan2(as + aaca, azss)



Inverse Position — Elbow Cont.

* The four solutions

LEFT and BELOW Arm RIGHT and BELOW Arm



/X/

Inverse Position — Example 2

* Spherical Manipulator




1 = atan2(z., y.)

or
f; =m+atan2(z., y.)

2 = atan2(r,s)+ %

1y =vVr2+s2 = 22+ y2+ (2. —dy)?
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~General Inverse Kinematic
Approach (as we use it)

Using the desired rotation and loc.of wrist center
e Find last three parameters (Eular Angles)

e This is the solution of the inverse orientation problem



Inverse Orientation

Using the desired rotation and loc.of wrist center
Find last three parameters

Can be interpreted as finding Eular Angles
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From R to Eu_Iar Angles

A GiVEIl R CHCHACY — S8y —CpCaSy — SHCy  CaSo
SHCHCY T ChSyp  —SpCaSy T ChCyp  S4Sp

¢ If r, and r,, are not both zero

* Sg#0, r,and r,, are not both zero, r,, #£1, cg=r,,, Sg =+,/1-1,

f = atan? (7’33. \/1 o= I’%g) f = atan2 (7‘33. I \/1 a 753)
¢ = atan2(ri3,ro3) ¢ = atan2(—ry3,—723)
Y = atan2(—r31,7r30) Y = atan2(rs;,—r32)



From R to Eu_Iar Angles 2

: CHCOCH — SiSw  —ChCoSy — S4Cu  ChHSe

P GIVEH R @ L o=y o . ¢ :

SHCOCY T CoSy  —8¢CeSy T ChCy  SpSp
¢ If r; and r,, are both zeros

® Sg=0, I';;=T,,=0, T, =*1, Co=1, ®=0 (Two rotations around Z)

S Cy + CopSy —SpSy -+ CopCy 0 Seh—1p Chp—y 0

0 0 1 0 0 -1

Co+y  —Spty 0 _ . g

= S¢+v  Co+y 0 - rg{; TES .

0 0 1 -

6+ = atan2(ri1,ro1)

= atan2(rii, —ri2) ¢—v¢ = atan2(—ry1,—7r12)



Elbow Manipulator — Full Solution
A

Given : TQQQ}Z: Koy !
\‘\\‘\ iS
Ox T11 T12 T3 T | .
o = oy |; R=| ro1 799 o3 EG
0, T3] T3z 733 T
dy
In
61 = atan2(z. y.)
s = atan2 (\/;-:g +y2 —d?, z. — dl) — atan2(as + ases, azss)

6y — atanQ(D,:t\fl—Dg),
T, = 05— dgria

2 2 9 2 2 9
. +ys —d*+ (2. —di)® — a5 — a3
0y — dgroa where ) =
Y 2
aoas
Ze = 0;—dgTas By = atan2(cjcoarig + s1C93T93 + S93Ta3,

—C1893713 — 518923723 + C237'33)
s = atan2 (51?’13 — 1793, £/ 1 — (81713 — *31?’23)2)

e = atan?(—sl?‘ll + 17191, 81712 — Cl?‘gg}

B
I




